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'his paper is concerned with the optimality equation for the average

in a denumerable state semi-Markov decision model. It will be shown
inder each of a number of recurrency conditions on the transition
»ility matrices associated with the stationary policies, the optimality
.on has a bounded solution. This solution indeed yields a stationary

7 which is optimal for a strong version of the average cost optimality
‘ion. Besides the existence of a bounded solution to the optimality
.on, we will show that both the value-iteration method and the policy-
:ion method can be used to determine such a solution. For the latter

| we will prove that the average costs and the relative cost functions

» policies generated converge to a solution of the optimality equation.
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' a semi-Markov decision model specified by five objects
c(i,a), t(i,a)). The state space I is denumerable and,
he set A(i) denotes the set of possible actions for
system is in state i at a decision epoch and action a
an immediate (expected) cost of c(i,a) is incurred and
ime until the next decision epoch is 1(i,a) where the
be j with probability pij(a). Throughout this paper we

ng assumptions.
'inite number M such that |c(i,a)| < M for all 1 € I and

ite number € > 0 and a finite number M such that
M for all i € I and a € A(1).
I, the set A(i) is a compact metric space such that both

a) and pij(a) for any j € I are continuous on A(i).

' the class of all functions f which add to each state

ction £(i) € A(i). Then F =XA(i) is a compact metric
duct topology. For any f ¢ F, let P(f) be the stochastic
i)th element is py (£(i)) and let P (f) = (prilj(f)) be

x product of P(f) with itself, n =2 1. A policy 7 for
system is any (possibly randomized) rule for choosing

f ¢ F, denote by f(w) the stationary policy which pres-—
ction f(i) whenever the system is in state i. Denote by
ate of the action chosen at the nth decision epoch for
Oth decision epoch is epoch 0). For n = 1,2,...., let

he (n-1)st and the nth decision epoch. Denote by E7T

when policy m is used.

er we will be concerned with the optimality equation

cost case. Therefore we consider the following three

tions.

ate s ¢ I and a finite number B such that Ef(w){NIXO=i} < B

and f ¢ F where N = inf{nZIan=s}.




2. There is a finite set K ¢ I, an integer v 2 1 and a number p > O
such that
v .
. > .
ZjeriJ(f) o) for all 1 ¢ I and £ ¢ F
Further, for any f ¢ F the stochastic matrix P(f) has no two disjoint

closed sets.
3. There is an integer v 2 1 and a number p > 0 such that

. v v
Zj mln[pi;j(f), 1 € T and £ € F.

S .
o1 ; J.(f)] > p for all i

1
9 1°72

It is known that under condition Cl the optimality equation for the
verage cost case has a bounded solutiom, cf. [4], [5], [11], and [17]
here in [11] (see chapter 5 and section 12.6) a condition was considered
hich is more general than Cl and even allows for unbounded costs. For
he case of unbounded costs, conditions under which the optimality equation
or the average costs applies, were also given in [14]. The conditions
n [11] and [14] both assume the existence of a fixed regeneration state

It may be interesting to note that a careful examination of the proofs
n section 6.7 in [17] and in particular the proof of Theorem 6.19 reveals
hat we may somewhat weaken Cl by allowing that state s may depend on
e F. .

The condition C2 was first used in [11] where this condition was
alled the simultaneous Doeblin condition. Observe that for each f € F
he stochastic matrix P(f) saﬁisfies the so-called Doeblin condition for
larkov chain theory e.g. [6]. Under condition C2 the existence of an
ptimal stationary policy for the limsup average cost criterion was shown
n [11] where also several other sufficient conditions for the existence
f an average cost optimal policy were found.

The condition C3 says that for any f ¢ F the stochastic matrix Pv(f)
\as a positive ergodic coefficient of at least p. Clearly, under C3 we
:ave that any P(f) is aperiodic and has no two disjoint closed sets.
lsing a notion introduced in [9], we could call C3 a simultaneous scrambling
condition, cf. also [20].

In this paper we shall give a unified proof that under each of the
:onditions Cl, C2 and C3 the optimality equation for the average costs
1as a bounded solution. This will be done in section 2 and the proof will
/e based both on an analysis of the asymptotic behaviour of the n-step
ransition probability matrices P"(f) and on a simple but very useful
ata-transformation introduced in [19]. Also we give some interdependencies

etween the conditions Cl, C2 and C3.




s important to note that the existence of a bounded solution to the
mality equation implies the existence of an optimal stationmary policy
g the class of all policies with respect to a strong version of the
age cost optimality criterion which implies essentially weaker versions
11y considered in the literature, cf. [8] and Theorem 2.2

he next section. Further we note that after having established the
mality equation for the average costs a repeated application of this
1t yields a sequence of optimality equations that are involved when
idering the more sensitive and selective n-discounted optimality
eria, thus showing the existence of stationary n-discounted optimal
cies, cf. [13].

Besides the existence of a bounded solution to the optimality equation
the average costs, we will consider the problem of determining such
lution which in its turn yields an optimal stationary policy. In
ion 2 we shall show that under each of the conditions Cl, C2 and C3
value-iteration method can be used to determine a bounded solution
n1e optimality equation. The policy-iteration method will be considered
eaction 4. Under condition Cl we shall prove that the average costs
the relative cost functions of the policies generated by this method
earge to a solution of the optimality equation. This result considerably

ralizes a related result in [4].
JPTIMALITY EQUATION.

In this section we shall establish the existence of a bounded
tion to the optimality equation for the average costs. To do this,

irst give the following results.

\ 2.1. Suppose C3 holds. Then for each f ¢ F there is a probability
cibution {ﬂj(f), j € I} such that

) | = p?- (£) - ﬂi(f)l < (1-p)

jea I jeA

[n/v]

for all 1ieI, AcSI and n>1.
7. The proof is a minor modification of the proof of Theorem 1 in [1].
In the next lemma we give sufficient conditions for C3.

\ 2.2. Condition C3 holds under each of the following three conditions.

There is an integer v21, a number p>0 and for each feF there is a

: s(f) such that pis(f) > p for all 1 ¢ I.




3b. There is a number p > 0 such that I. mln[p (a ),p (a Yl=zp

“jel

r all i],i2 e T with i1 z 12 and all al € A(1 ) and a, € %(1 )
3c. Condition C2 holds and for each f € F the stochastlc matrix P(f)

5 aperiodic.

R00F. It is obvious that both C3a and C3b imply C3. In fact C3b is
juivalent to C3 with v=1. Suppose now C3c holds. We shall now prove

1at C3c implies C3a and so C3. We first note that any P(f) is an
>eriodic stochastic matrix which satisfies the Doeblin condition from
arkov chain theory and has no two disjoint closed sets. Hence for

ay £ € F the stochastic matrix P(f) has a unique stationary probability

istribution {ﬂj(f), jeI} (say) such that (e.g. [61])

2.2) lim pr.(£) = m.(f) for all i,j e I.
NS j
sing I pn+v(f) = I p. (f) =. p (f) = pvfor all n =2 0, it follows
jeK keIik jeK k] -2

rom (2.2) that Zjeij(f) > p for all £ € F. Hence for each f ¢ F there
s a state j € K such that ﬂj(f) > p/|K|. For any k ¢ K, define now

K = {fEFlﬂk(f) > p/|K|}. By Theorem 11.4 and Lemma 10.2 in [11], we have

or any j € I that ﬂj(f) is continuous on F. Using this fact it

mmediately follows that for any k € K the set Fk is closed and hence

ompact. For fixed k € K and f ¢ F,_, define (cf. the proof of Lemma 11.6

n[11]),

k’

nk(f) = inf {nleka(f)> p/ZIK! for all m = n and i ¢ K}.

hen, by (2.2), nk(f) exists and is finite. Moreover, using the fact that
m(f) is continuous on F for all m = 1 as easily follows by induction
rom assumption A3, it is immediately verified that for each k ¢ K the
et {feFk|nk(f) > a} is closed for any real a. Hence for each k e K, the
unction nk(f) is upper semi-continuous on the compact set Fk and so,
y Proposition 10 on p. 161 in [18] and the finiteness of K, there is

k
hat for any k € K and fe Fk we have p?k(f) > p/2|K| for all i € K and
o p. ku(f) J cx P (f) p (f) 02/2|K| for all i e I. This proves that

3a holds which completes the proof of the lemma.

n integer p = 1 such that nk(f) < u for all k € K and £ ¢ F, . This shows




By the lemmas 2.1 and 2.2 we have that each of the conditions

C3b and C3c in lemma 2.2 implies the condition C2 which in its turn

es the condition

here is an integer v 2 1, a number p > 0 such that for any P(f) there

s a probability distribution {ﬂj(f), j € I} satisfying (2.1).

K 1. Under the assumption that there is some state io(say) which is
ieriodic positive recurrent state under any P(f), f ¢ F, we have the
‘alencies C1€>» C24» C3< C4. Although we shall not need this result,
clude its proof. (i) C1€ C2. This equivalence was established in
(see section 12.6) and even holds without the assumption that io
eriodic. (ii) C2 = C3=» C4. Together C2 and the aperiodicity of state
iply condition C3c in Lemma 2.2 and so, by the Lemmas 2.1 and 2.2
't the desired result. (iii) C4 = C2. Using (2.1) and the fact that
is continuous on F for all m =2 1, it readily follows that for each
. the function w.(f) is continuous on the compact set F. Hence, since
Y > 0 for £ € F, we have for some number a > 0 that M (f) > a/2 for all
. Together this result and (2.1) imply the existence 09 an integer u = 1
that p?io(f) > a/2 for all i € I and f € F which verifies C2.
To establish the optimality equation, we shall employ a simple but
useful data-transformation introduced in [19]. We associate with
.emi-Markov model a discrete-time Markov decision model with state
: I, the set A(i) as set of possible actions for state i, one-step
, ¢(i,a), one step transition times T(i,a) = | and one-step transition

bilities ﬁl_] (a) where, for all i,j € I and a ¢ A(i)

~e _c(i,a) -~ _ T :
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tich the Kronecker function sij =1 for j =1 and S.i =0 for j 21
1

: is a fixed number such that

0 <t<6=inf {T(l,a)/(]-pii(a))lpii(a) < 1}.
i,a
‘ve that § > 0 and the assumptions Al - A3 also apply to the trans-—
:d model. Further, letting the finite positive number y be equal to
t(i,a), it is readily verified that for all ieI and a € A(i) we

that {ﬁij(a), jel} is a probability distribution with




2.3) ﬁii(a) 21 - %'> 0 and ﬁij(a) 2-% pij(a) fo
y the first part of (2.3), we have that for any f ¢ F
atrix §(f) is agperiodic. This aperiodicity will play a
1e analysis below. Also, letting the finite positive n
> min [1-1/8,1/vy] and using (2.3), it is immediately v
ny set A< I and all n 21,

2.4) $OPE. (F) = 6" T phL(f)

jeA ) jeA 1)

for all 1 e I a

1is inequality implies that if condition C3 holds, thi
pplies to the stochastic matrices ﬁ(f) of the transfor
t follows from (2.4) and the aperiodicity of the stoch
(f), £ € F that if condition C2 holds, then condition

pplies to the stochastic matrices E(f), f ¢ F. In case
olds, then, by Theorem 11.3 in [11], condition C2 hold
3c in Lemma 2.2 applies to the stochastic matrices ﬁ(
sing the Lemmas 2.1 and 2.2 , we have that under each
1, C2 and C3 there is an integer v 2 1 and a number p

€ F the stochastic matrix §(f) has a stationary proba
ﬁj(f), f ¢ F} for which

[(n/v]

2.5) | = ﬁ?.(f) - T R.(E) | < (1-p) for all

jeA ] jeA
his result will underly the derivation of the optimali
ransformed model from which we easily get the optimali
emi-Markov decision model considered. Before showing t

ollowing lemma.

EMMA 2.3. Let {hn(.), n > 1} be a sequence of bounded
hat, for some bounded function h(.) on I, lim h (1
n>© n

€ I. Then, for any i ¢ I,

lim min {c(i,a) + I p..(a) h (j)} = min {c(1
n>o aeA(i) jel 1] n aeA(1)

ROOF. Fix i ¢ I. For any n > 1, letaCtionéﬂlmimimizec(

or a € A(1). Observe that, by A3, such a minimizing ac

ochastic
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e sequence of positive integers. Since

can choose an action a® € A(i) and a
1} such that a, - a as k - .

.(a_ ) » 1.

on p. 232 in [18], it follows from

Apijlza*) as k > «» for any

c(i,a) + 1 p..(a)h_ (3)
jel ] Yk

. (1)} =min  {c(i,a) + I pi.(a)h(j)}
k acA(1) jel J

s section.

itions Cl, C2 and C3 there exists a
nction V*(i), i € I such that
* . * . .
t(i,a) + I p..(a)v (j)} for all i ¢ I.
. ij
Jel
ed and the bounded function v*(i),

an additive constant.

ied model. As shown above, there is an

ch that for any f ¢ F the stochastic
ility distribution satisfying (2.5).

or the transformed model, consider first
any 0 < B < 1, define for each policy

bounded in i,a),
il for i € I,

It is known that for any 0 < B < 1

ique bounded solution to (e.g. [151)

Lp..(a) V.(5)}, ieT,
jeI 1.] B




~ . )y 5 ¢: .
.8) VS(l’fB ) VB(l) for all i € I,

r any fB ¢ F such that fB(i) minimizes the right-side of (2.7) for all
€ I. For any 0 < B < 1 and f ¢ F, we have
.9) GB(i,f(“’)) - 2 eh 1 BT (O 2GLE()  for all i eI

n=0 jel
ere ﬁgj(f) = 6ij' From (2.5), it follows that for any f ¢ F, i, k € I
dn > I the total variation of the signed measure p(A) = ZjEAﬁgj(f)
ZjeAﬁgj(f) is bounded by 4(l—p)[n/v]. Using this result and letting B

iy finite number such that lE(i,a)l < B for all i,a, it follows from

'.9) that, for any 0 < B < 1 and all £ ¢ F,

[n/vl é%l for all i,k ¢ I.

|§B(i,f(w)) - VB(k,f(”))l < 4B 3 (1-p)
n=0

snce, by (2.8),

‘68(1) - Ge(k)l < ﬁgﬁ for all i,k € I and all 0 < B < 1.

>w, by using Lemma 2.3 and by making aan obvious modification on the
coof of Theorem 6.18 in [17], there exists a finite constant g and a

>unded function v(i), i € I such that

N

.10) v(i) = min {8(i,a) - g+ I P..(a)v(j)} for all i € I.
. . ij
aeA(1) jel

shall now verify that g*= g and v*(i) = tv(i), i € I satisfy (2.6).

w

> do this, observe that (2.10) can be equivalently written as

. c(i,a) T ] _ T .
v(i) 2 T(i.a) 8 METET)) jinij(a)V(J) + (1 m) v(i)

for all i ¢ I and a € A(i),

here for any i ¢ I the equality holds for at least one a e A(i).

ultiplying both sides of this inequality with t(i,a) > 0, we find

0 > c(i,a) - gr(i,a) + 1 L pij(a)v(j) - (i), i € I and a € A(1),
jel

here for any i ¢ I the equality sign holds for at least one aecA(i).




proves that g* = g and v*(i) = 1v(i), 1 ¢ I satisfy the optimality
ion (2.6). By Theorem 6.17 in [17], we have that the constant g*
.6) is uniquely determined and, by Lemma 3 in [12], we have that
unction v*(i), i eI in (2.6) is uniquely determined up to an

ive constant.
ny policy m, define for all i ¢ T and n 2 1,
n n
v,(i,m) =E [z C(Xk,ak)[XO=1] and T (i,m) =E [ I T(xk,ak)|xo=lj_
k=0 k=0
e a policy " to be average cost optimal in the strong sense if
.k .
Vn(l,'ﬂ ) \Y (1,17)

. R D « D
) lim sup T (%) - lim inf RERD)
n->o n n->e n

11 i € I and any policy .
amination of the proof Theorem 7.6 in[17] gives the following theorem.

EM 2.2. Let {g*,v*(i), ieI} be any bounded solution to the optimality

ion (2.6) and let f_. € F be such that fo(i) minimizes the right

0
of (2.6) for all i € I. Then
Vn(i,ﬂ)
lim inf ———= > g*for all i ¢ I and any policy 7
T (i,m)
> n
voaLeT)
Lim " = g" for all i ¢ I,
n->w Tn(l,fo )

e stationary policy f is average cost optimal in the strong sense.

()

0

Observe that (2.11) implies lim supn+w{Vn(i,ﬂ*)/Tn(i,n*) -
W)/Tn(i,ﬂ)} < 0 for all i € I and any policy w. This latter average
optimality criterion was considered in [8] where it was pointed

hat this criterion is essentially stronger than both the lim sup

im inf average cost criteria, cf. [2] - [4] in [8]. We note that

e literature the existence of an average cost optimal stationary

y is usually established under the lim sup average cost criterion.

Finally, letting Z(t) be the total costs incurred up to time t and
Theorem 7.5 in [17], we have under—-each of-the conditions:Cl;-

d C3 that, for any f ¢ F,




(=)

1 V (i,f )
lim s E (w)[z(t)IX(O) =1i] = 1im-¥2———7;Y—— = g(f) for all i ¢ I,
o f n->e® Tn(i,f( )
1ere g(f) is defined by
2.12) g(f) = ZieI c(i,f(i))ni(f)/ZielT(i,f(i))ﬂi(f), f eF,

ith {ﬂj(f), jeI} is the unique stationary probability distribution of
(£).

HE VALUE-ITERATION METHOD.

In this section it is assumed that at least one of the conditions
1, C2 and C3 hold. We shall show that a bounded solution to the
ptimality equation (2.6) may be obtained by using value-iteration. In
he proof of Theorem 2.1 we have found that any bounded solution
g,v(i), ieI} to the optimality equation for the transformed model gives
bounded solution {g*=g, V*(i)=TV(i), ieI} to the optimality equation
2.6). Hence, in view of the data-transformation given in section 2,
t is no restriction to assume that t(i,a) =1 for all i,a and P(f)
s apertodic for all f ¢ F.

Let {g*, v*(i), ieI} be any bounded set of numbers satisfying

3.1) v*(i) = min {c(i,a) - g*+ X p..(a)v*(j)} for all i € I.
. . ij
aeA(1l) jel
or any given bounded function vo(i), i € I, define for n = 1,2,... the

ounded function vn(i), i € I by the value-iteration equations

3.2) v (1) = min {c(i,a) + = p..(a)v__ ()} for i e I.
n aeA(i) jel ] n-l

bserve that, by A3, the minimum in the right side of (3.2) is attained

or all i. The asymptotic behaviour of the sequence {Vn(i)—ng*, n>1}

or i € I has been studied in [12] where the action sets A(i) were

aken finite. This finiteness is in fact only used to verify relation

18) in [12], however, by invoking Lemma 32 on p. 178 in [18], it follows
hat the results in [12] also apply when for any i € I the set A(i) is

, compact metric space such that both c(i,a) and pij(a) for any j € I

re continuous on A(i). Since the assumptions 1 — 5 in [12] are satisfied,

re have for some constant c that




(3.3) lim {v_(i) - ng"} =v (i) + ¢ for all i e I.
nse 0 :

Hence, by choosing some state i, and defining yn=vn(io)-vn_](io) and

wn(i) = vn(i)—vn(io) for 1 e I gnd‘n > 1, it follows that the bounded
numbers {yn s wn(i), iel} converge as n>~ to a bounded solution to
(3.1). We further note that, by letting fn € F be such that fn(i)
minimizes the right side of (3.2) for all i and defining the average

costs g(f) by (2.12), it follows by making minor modifications on standard

arguments used in [10] and [16] that, for all n > 1,

inf, (v (D)-v_ (D)} <g s8(f) < suwp, {v (i)-v_ ()}

where 1nfi{vn(1)—vn_1(1)} and supi{vn(l)—vn_](l)} are non-decreasing
and non-increasing respectively in n = 1.

Finally, consider the special case where condition C3 with v=1 holds. Let
B be the class of all bounded functions on I and define the mapping

T: B = B by

Tu(i) = min {c(i,a) + = pi-(a)u(j)}
aeA(1) jel J

and define |[|ul| = sup. u(i) - infi u(i) for u ¢ B. Then a repetition

of the proof of Theorem 5 in [7] shows that, for some number p > 0,

|| Tu = Tw|| < (1-p) || u-w|| for all u,w € B i.e. T is a contraction mapping.
Next, using this result and the existence of a bounded solution to (3.1),

it is readily verified that Ivn(i)—ng*-v*(i)l < (l-p)nH v0~v*” for all. i ¢ I
and n 2 1, i.e. in this case the convergence in (3.3) is geometrically fast

and uniform in 1i.
THE POLICY ITERATION METHOD.

Throughout this section it is assumed that condition Cl of section | holds
1d under this condition we shall study the convergence of the policy iteration
:thod. Using ideas from a convergence proof given in [3] for a policy iteration
proach to controlled Markov processes with a general state space, it will
> shown that the average costs and the relative cost functions of the
-ationary policies generated by the policy iteration method converge to a

runded solution to the optimality equation (2.6).
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1 byproduct we obtain an alternative proof of the existence of such a
ition. Partial convergence results of this type were obtained in [4]
ar the restrictive additional assumption of no transient states under
P(f), £ € F.

We first give some preliminary results. Let thestates and the random
iable N be as in condition Cl. For any f ¢ F, the stochastic matrix

) has a unique stationary probability distribution {nj(f), jel} such that

1) ﬂi(f) = I.

JEiji(f)nj(f) for all i € I.

sover, we have from Markov chain theory

[oe] n .
2) m(£) = I _p ;(E)/E (=) [leo-s] for all i € I
n=0 f
re pQ. = §,. for all i,j and
st1ij ij i
3) Sp?j(f) = Pf(w){xn=j’ kas for 1 € k < n|X0=i} for i,j e T and n = 1.

erve that

. ' n
oo)[leo=1] =1+ T T _p

4) E Pii
n=1 jeI ]

(£) for all 1 € I.
f( ‘

ther, for any f € F, define the average costs g(f) by (cf. (2.12))

iel iel

define the relative cost function wi(f) by
6)  w.(H = I I {c(L,£(3)) - g®) TGLEGNT i (D), e I,
P s¥ij
n=0 jel

is immediately verified frém (4.2) and (4.4) - (4.6) that, for any f ¢ F,

function Wi(f)’ i € I is bounded and has the property that
7) ws(f) =0.

sider now for fixed f € F the following system of linear equations in

v., 1eI
l’ }’
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v, = c(i, £(i)) - gr(i, £(@1)) + jiI Pij(f(i))vj for i e I.

‘e the following known theorem (see [2] and [5]).

M 4.1. For any f € F,

ie set of numbers {g = g(f), v, = wi(f), ieI} is a bounded solution
v (4.8).

v any bounded solution {g, Vs ieI} to (4.8) holds g = g(f).

'r any two bounded solutions {g, Vi} and {g, ui} to (4.8) there is
constant c¢ such that v. - u =c¢ for all 1 € I.

r any j € I, there is a unique bounded solution {g, Vi} to (4.8)

ich that vj = 0.

4.1, To verify Theorem 4.1, it is not necessary to assume in A2 that
L t(i,a) > 0 but it suffices to require that Zi T(i,f(1)) ni(f) > 0
1 f e F.

:assumptions A1-A2 and definition (4.5), we have
4.1. The set of numbers {g(f), feF} is bounded.

ly we shall only need that the numbers {g(f), feF} are bounded from
Now, we have established this result we shall make no further use of
isumption that infi aT(i,a) > 0.

3

'or any £ € F and any bounded solution {g(f), Vi(f)’ iel} to (4.8),

T(i,a, v(f)) = c(i,a) - g(f)t(i,a) + ¢ p..(a)v.(f)
jel 13 J
for 1 € Tand a € A(1).

re that

T, £(1), v(f)) = Vi(f) for all 1 ¢ T and f ¢ F.

(=)

1lowing lemma shows how the stationary policy f

(«)

can be improved to

‘ionary policy h

)).

whose average costs is less than or equal to that




A 4.2. Let £ ¢ F and let {g(£f), vi(f)} be any bounded solution to (4.8).

wose h ¢ F is such that
1) T(i, h(i), v(f)) < Vi(f)‘ for all 1 € I.

L g(h) < g(f).

JF. The proof is standard. Multiply both sides of the inequality (4.11)
1 ﬂi(f) and sum over 1 ¢ I. Next the desired result follows after an

:rchange of the order of summation which is justified by the boundedness

r(f) and using the steady-state equation (4.1) for policy h(m).

We now formulate the policy-iteration method.
ey Iteration Method

) 0. Initialize with any f] e F.

()

> 1. Let £ be the current policy. Determine the unique bounded solution

{g(f), wi(f)} to the system of linear equations (4.8) in which v, = 0.

y 2. Determine f' € F such that T(i, £'(i), w(f)) = mi T(i,a,w(f))

PacA(i)
for all i € I where f'(i) is chosen equal to f(i) when this action

minimizes T(i,a, w(f)) for a ¢ A(i). Go to step 1.

Let {f;m), n>1} be the sequence of stationary policies generated by the
lcy iteration method. Observe that, by part (c) of Theorem 4.1, £ is

n+l
:pendent of the particular choice of the bounded solution to (4.8) with

fn. By Lemma 4.2,
o) g < >

2) g(fn ) < g(fn) for all n = 1.

shall prove that the bounded numbers {g(fn), wi(fn)’ ieI} converge as n -

1 bounded solution to the optimality equation (2.6). To do this, we shall use
»dified semi-Markov decision model specified by the five objects

K(i), Bij(a),z(i,al ¥(i,a)) where, for some artificial state « and action

(say),

1=1u {=}, A(i) = A(i) for i e I, E(w) = {am},




E(i,a) = c(i,a), ;(i,a) = 1(i,a

c(=a,) = T(=,a)) =0, p_ (a)

Pij(a) for i,j € I, a
psj(a) for 1 € I, a €

In fact this modified model is ident
considered except that before any tr
a transition to state « after which

state s involving no costs. For the -
of all functions h which add to each
and associate with any h € F the sto
Since h(w) = a_ for all h ¢ f, there
>etween F and F. For any f ¢ F, deno
E(i) = £(i) for all i e I. It is imm
(say) such that under any stochastic
transitions it takes before the firs
any starting state i € I. Hence cond
also applies for the modified model.
A(x) consists of a single action wil
proof below. Further, for any f ¢ F,
stationary probability distribution

equation, we have for any f ¢ F that

for all i € I. Hence, letting
g(f) = r_c(d, }(i))%i(f)/ T T
iel ieT

it follows that
(4.13) g(f) = g(f) for all f ¢ F

Further, for any f ¢ F define

[e o]

w.(f) = T {c(j, £(J)) - g(
i e
n=0 jel

shere the definition of mﬁ?j(f) is a

similarly as above, the bounded func

property
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on model

t occurs
curs to

e class

(i) e A(Q)
)), i,j € I.

.ce

F such that
number B

of

by B for
by state «
fact that

onvergence

s a unique

y—-state
/{147 ()}

(4.3). Then
f ¢ F the




4) wm(f) = Q

;e Theorem 4.1 also applies to the modified model, we have for any f € F

: {g = é(f), v, = ;i(f)’ i e I} is the unique bounded solution to

'5) v. = c(i, £(i)) - gt(i, £GE)) + I p..(f(E))v., 1 e T,
i = 1] ]
Jel
ng the property that v_ = 0. Further, using (4.13) - (4.15), it is
:diately verified for any f ¢ F that Qw(f) = ;s(f) and that
= g(f), v, = ;i(f)’ i € I} is a bounded solution to (4.8) having the
»erty that Ve = 0. By the parts (a) and (d) of Theorem 4.1, it now follows

.
L

16) ai(f) wi(f) for all i € I and f ¢ F.

1g the relations (4.14), it is now straightforward to verify that for any

lences {fn(w), n>1} with fn e F and {hn(m), n>1} with hn ¢ F generated by
policy-iteration method applied on the semi-Markov decision model considered

the modified model respectively, we have

17) h =f foralln>1whenh =f_.
n n 1 1
above relationships will be used to prove the convergence results for the

icy-iteration method. Before doing this, we give the following lemma.

MA 4.3. Let {un, n>1} be a bounded sequence of numbers such that for any
0 there is an integer N(e) for which U < u + ¢ for all n,m = N(eg).
n the sequence {un} is convergent.

OF. Let u = 1im inf _u_ and let U = lim sup u_. Choose ¢ > 0. Then,
n>o n no>® n
u + ¢ for all n = N(g), so, U £ u + ¢ which proves the lemma since ¢ was

itrarily chosen.

We now prove the convergence results for the policy-iteration method.

OREM 4.2. Let {fn(m), n>1} with fn € F be any sequence of stationary policies
erated by the policy-iteration method applied on the semi-Markov decision

el considered. Then




(4.18) lim g(f

n->oo

and, for some boun

(4.19) lim w, (

n-—>roo

Moreover, letting

satisfy the optima
* .

(4.20) w, = mi
ae

PROOF. Suppose tha

construction of fn

(4.21) wi(fn)
and
(4.22) c(i, fn
= min
aeA(i

Since I is denumer

*
can choose a £ €

lim fn (i) =
ke Tk

Now, taking n = o,
with the same argu
(4.20) where £ (i)
to prove (4.18) an

assumption

(4.23) the act

nf g(f
eF

nction

nffeF

quatio

(i,a) '

ave al

he rel
fn(l)

(£ _)

n-1
a)-g(f

nd A(i

an inf
for

.21) a
as in
izes t

9). We

t A(s)
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unded numbers {g*, w;, ieI}

z pi.(a)wf} for all 1 € I.
jer HJ J
ed (4.18) and (4.19). Using the

and (4.9), we have for all n > 2

i .. i .(f i
L (B)) + jille(fn(l))WJ( n), iel

+ Zpij (fn(l))WJ (fn“l) =

pX pij(a)w )}, ieI.

L(f
jel ] -l
ct metric space for any i € I, we

ce {n, , k=1} such that

k’

etting k > = and using A3 together
Lemma 2.3, we easily get the result
e of (4.20) for all i € I. It remain

prove these relations under the

a single action.




., using the modified model, we shall verify that (4.18) and (4.19)
» hold without the assumption (4.23). Now suppose that (4.23) holds.
n > 1. By (4.23), we have fn+1(s) = fn(s) and so, by (4.9) and part
of Theorem 4.1,

T(s,fn+1(s),w(fn)) = c(s,fn(s))—g(fn)r(s,fn(s))+szij(fn(s))wj(fn) = ws(fn)

e, by (4.7),

24) T(s,f (s),w(fn)) = 0.

n+l
for abbreviation
an(l) = c(1,fn+1(1)) - g(fn)r(l,fn+1(1)) for 1 ¢ I.
1, by (4.9),
, . . _ . .
25) T(l,fn+](1),w(fn)) an(l)+j§Ipij(fn+l)wj(fn) for 1 € I.

he construction of fn and (4.10),

+1

, . . .
26) wj(fn) > T(J,fn+1(J),W(fn)) for all j € I.
1g (4.24) = (4.26) and (4.3), we have for any i e I

TG, £, () w(E))2a ()+ 3 py o (E, DTGLE () w(E)) =
j=s
. 1 .
an(l) + .Z spij(fn+])T(J’f
Jel

(j) ’W(fn)) =

n+1l

. 1 . 1
a, (1) + » pi.(f a3+ T pia(E
Jel Jel

) Zop. (£ dw (£)
hel jh " n+1”""h 'n

tinuing in this way, we find by induction on m that for any m 2 1

m
. . . k
T(l,fn+1(1),w(fn)) > I _Z an(J) spij(fn+1) +
k=0 jel
+ I pm (f ) L p., (f yw, (£) iel
.. . R .
jEIS 1] nt+l hel jh* " 'n+1""h 'n

jow observe that, by condition Cl1 and relation (4.4),
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lim X Spnil.(f) =0 for all i € I and f ¢ F.
m>e jel

Ising this result, (4.4) and the boundedness of the functions an(i) and

'i(fn), i e I, it now follows that

(o]

(@ u(E)) 2 2 5 a () pE(E

P; +]) for all 1 € I.
k=0 jel 3-n

4.27) T(i,fn+

‘utting An = g(fn) - g(f ), it follows from (4.6) and (4.27) that, for

n+l
my i e I,

(o]

wi(fn+1)—T(1,fn+](1),w(fn)) < An ) .Z T(J,fn+1(J)) P
k=0 jeI

(£ ,..)>

k
ij Tn+l
there the various operations on the sums involved are justified by the absolute

onvergence of these sums. Next, using the boundedness of t(i,a), relation

(4.4) and condition Cl, there is some finite number B such that
2 . - i i < 1 > .
(4.28) Wl(fn+1) T(1,fn+](1),w(fn)) AnB for all 1 e I and n 1

ience, by (4.26) and (4.28), wi(fn )—wi(fn) < AnB for all 1i e I and n = 1

+1]
vhich implies

(4.29) wi(f )—wi(fn) < {g(fn)-g(fn+m)}B for all i e I and n,m = 1.

n+m
Since the sequence {g(fn), n>1} is bounded from below and non-increasing (see
Lemma 4.1 and (4.12)), it follows that limnémg(fn) exists and is finite. Next,
using (4.29) and Lemma 4.3, we obtain (4.19) for some bounded function w:,

i € I. To prove (4.18), observe that, by (4.26),

0 < wi(fn)_wi(fn+l)+wi(fn l)—T(1,fn+1(1),w(fn)) for all i e Tand n 2 1,

+

and so, by (4.19) and (4.28),
(4.30) iiz {wi(fn)—T(l,fn+l(1),w(fn))} =0 for all 1 ¢ I.

Choose now f € F. By the definition of fn+1 and (4.9), we have for all i € I

and n = 1»

C(i,f(i))—g(fn)T(i,f(i))+j§IPij(f)wj(fn)ZT(i,fn+l(i),W(fn))“wi(fn)+wi(fn)-




oth sides of this inequality with ﬂi(f) and sum over i e I. After
ange of the order of summation justified by the boundedness of

ons involved and using (4.1), we get

(1,£(1))-g(f Dt E@) I, (£)z T {T(i,f

I (1) ,w(E ))=w, (£)Im, (£).

n+l
ing n - «» and using the bounded convergence theorem and the

(4.30) and (4.5), we find g(f) = 1imn+m g(fn) which implies (4.18)
F was arbitrarily chosen. We now have verified (4.18) and (4.19)
assumption (4.23). Finally, using the modified model for which

Cl with state «» in stead of state s applies and A(») consists

e action, and using the relations (4.13), (4.14), (4.16) and (4.17)
proof shows that (4.18) and (4.19) also hold without the assumptic

is completes the proof.
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